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SPACE-CHARGE CALCULATION FORBUNCHED BEAMS WITH 3-D ELLIPSOIDAL SYMMETRY*

R. W. Garnettand T. P. Wangler
Los Alamos National Laboratory, Los Alamos, NM 87545

Abetract

A methkod for caiculsting 3-D space charge forces has been
devsloped that is swtable for bunched beams of either ons or
relativistic electrons. The method 1s based on the analytic relations
between charge-density and electric fields for a distribution with 3-
O eilipsoidal symmetry in real space. At each step we use a
Fourier-series representation for the smooth particle-density
function obtained from the distribution of the macroparticles being
tracked through the elements of the system. The resuiting smooth
electric flelds reduce the problem of noise from aruficial collisions,
assoclated with smaill numbers of interacting macroparticles.
Example calculations will be shown for comparison with other
mathods.

[. INTRODUCTION

The repulsive space-charge forces in charged particle heams
are responsible both for increased defocusing and lor growth of the
rms emittances. For intense. high-brightness beama trom rf linacs,
it 18 important to develop better methods for calcuiating these
effects. The mmint  1nique used is to numerically follow the orbits
of a large number Jf renresentativa macroparticles in their sell-
consistent fields.

n principle the space-charge forces in a numerical simulation
of & charged particle beam can be caiculated by summing gver the
coulomb 1ateractions betwesan point mecroparticles. In practice
this straightforward method (ails hecause of the artificially large
collimions that occur, because of both the enhanced charge of the
macroparticles and the aruficially ciose encountars resulting from
the step-Ly-step numerical integration with a finite step size.

Several methods have hnen develuped to calculate space-
charge forces n linac beams. Subroutine SCHEFF(l] uses a
purticle in cell (PIC) method in which a 2D rz mesh s
superimposed or. the bunch. This method resuita in a set of source
rings from which the space-charge torces are calculated at discrete
r-z2 mesh points. A disadvantage of this method s that 1L 18
restricted Lo those locations where the tranaverse beam cross
section 18 round. Several versions of 3-D space-charge codes have
heen developed; & PIC routire. MAPROI1(2], at CERN, and s
method that replaces the point-to-poiat interactions with
inters-clons  betwaen flnita-sized spherical clouds(d) A
‘isadvantage of thece methods 12 that they are generally very time
consuming on .he computer

One maethod for 4.-D ipace-charge calculations. developsd by
CERN and called MAPRO2(2!, ws- to represent the macroparticle
distribution at each step by a continuous ‘Sausaien ¢nucge density
with sllipsoidal syminetry from which the space-charge electric.
Neld components could be cmiculated by numerical integration.

*Work supported und funded bhv the U 3. Department of Energy.
OfMce of Superconducting Super Collider 138C).

Although this approach leads to more rapid computation, 'he
rectriction to a Gauasian profile (s tn principle nnt compatible witn
realistic distributions in intense beams and could lead -y
\naccurate calculation of space-charge-induced emittance groath

{n this paper we have generaiized the MAPRO?2 methad 1y
deacribe 1-D ellipsoidal charge densities of otherwise arnitrare
shapes. We will describe the method and then show comparisons
between our routine and other existing routines.

II. ELECTRIC FIELDS FOR AN ELLIPSOIDALBUNCH

For an ellipsoidal charge distribution, the narticle lensits
tnumber ofplmclu per cubic meter)canbe expressedas 1lin-t.un
of a single generaiized coordinate L.as
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wherea.b.and c are the rmsdimensions of the distribetion, and
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deflnes the 1sodensity contours of the distribution Equatien
defines a family of concentric ellipsoids as touariestromy . £ The
advantage of the e!lipsoidal distribution 1s that the siectric 1ieid
components an be expressed as a weighted :ntegral s.er tn=
particle-density distribution. Once the rms dimensions 1.5 1nd °
have been calculated, the value of the generalized conrdina‘e.
canbe obtained for any cnordinates .y and 2from £y

The three componenta(3) of the electric field. aused n. 1
distribution of charge 4. can be exprussed nterms (1 "he ters.v
as
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and analogous expressions are validfor . and £ Fircheave i
spharical bunch, 1t 18 easy to show that ntegration .»r
corresponds to an integration over all the ~harge within it *adiie x
[f the particle density s known, then E_ E ind £ an e

determined by numerical integration. The integraint Eq ) anae
made numerically tractable by changing to ¢ new ‘ariable. 4 «uch
that
1
] -, 4
14 ( sl ) .



whered = 1abc ? is chosen equalto the geometric mean of the rms
beam sizea and is a scaling factor required to make the ntegral
dimengionless and numerically weil behaved. The integration
limita of the field inteyral are then transformed into O and 1. giving
the following new expression for the fieid:
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In our treatment, the particle-density function, nit), will be
obtained from a Jistribution of macroparticles determined at a
givenume. The macroparticle charge. g°. will be calculated from
q® = UNf where [ is the average current in amperes, s the bunch
frequency in heriz. and N s the total number of macroparticies per
bunch. The representation of the macroparticle charge density is
described in the following section.

lIl. FOURIER DESCRIPTION OF THE MACROPARTICLE
CHARGE DENSITY

Our assumption ntellipsordal symmetry makes it necessary to
describe the particle density, nito), only for values between c)lO
and T, where T 19 the maximum t - value of the distribution,
However. (fwe artificially extend the definition of the function nit )
for ¢ - values between -T and O such thatni-t ) = it o, then nt )
becomes aneven function about t a1), The density can therefore be
described asa Fourter series expandion uf the form

[ b fm .
att ) wole U a4 conl Tt sT »
] J (.l L T B]

where

T ‘m .

1]
‘/7 n(lolm_f—ﬂ'

l'l

e

Now we sbtain 8 convenient expression for the integral of Eq.
(7. Consider the ellipsotd defined by Eq. 12), whose squared
SEMiIaxes dre t ‘A". t \b". and t)c‘ An element of volume 1nside the
eilipsoid s g1venby

P LTS TH )

{f the Jensity of particles t8 given by L n then the number of
particles ina sheliof thickness, dt , s

dN e |1|.' dV = 2 BL ) abe l.'" ﬂ. 9)

ne rewriting,
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Equauon7)can then be approximated as a summation sver 1.0 N -
particlesby

N
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This method of describing the partuicle densitv results in 3
smooth distributiun that can represent an arbitrary density protile
(either hollow or peaked) with ellipsoidal symmetry.

IV. NUMERICAL 5IMULATION RESULTS

A genera| purpose 3.0 space.charge routine ‘SCIDELP!
based nn the analytic expressions given earlier. was written and
incorparated into the beam dynamics code. PARMILA. A 10-naint
Gaussian numertcal integration was used to determine the ajectric
field components from Eq.15) Afive-term (€ =1tw 3:F surter ser.»s
expansion was used to represent the riacroparticle density Sigure
L shows both the actual charge density for a 1000 macripaz... e
input distribution and the Fuourier-series representation [ar
comparison. Tis 9.86 for this distribution.
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Fig. | - Acomparisonnfihe charge density for a 1000 macraparticle
input distribution idotted points) and a S-term Fourler series
representation isolid line).
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Twn compariscne were made between the nredictions !
SC3IDR P and othe- space-charge coutines. First, a compnrison of
reault. .2 emittance growth of ap expanding sphericai nuncnid
wag made. A Gaussian spherical ynput distribution, 'runcated
after thren standard devintions, was generated with the thilowing
iniial parameters: W ™ 2 MeV, \ =705 cm 425 MH: nput
beam radius irms! 2 0 1 ¢m, and rms normalized nputemetanes
c ., *ho? n-cm-mead. The bunch was then alloaea o qrir b

virymu distances. The umuiation results are yiven o« Tath |
The nutput emittances are given as the ratio = ¢ and ue
averaed ot «r e three plares (X, y, and 21 ()ur method 1groed
wi il with the results of both the 2.0 ring coda, SCHEFF 1t 0 1 D
point-by.point tcloud-to-cloud) caslculation. A apace - harge
caiculation was made for every | .cm step along the drift b arths !
D calculstions. a 10-interval radial mesh of D OB-cm step e s an
used. The same step wize, hut with 20 intervnls. s e
Iongitudinaily. For the 5.0 pmat-by point merhod, alies 10
08 and 1 U lor the rat.o of charge cloud diameter ‘o Ustive wngrh
were tri2d. achieving identicai resulta.

Ana second compacison, PARMILA eimulationsaarre o0t ra

high-curren drift tube iinae (DTL design. The deagn - aasted ot



a 33%0-MHz, 3 w 35 MeV DTL incorporating a FOFODODO
quadrupolc-focusing scheme. I[nput current was varied '50-250
mA) for fized input emittances. Figure 2 showsthetransverse and
longitudinal emittances using both the 2-D routine, SCHEFF, and
our method. SCIDELP. for | = 125 mA. Again, we observe that the
two methods give comparable results; the largest observed
discrepancy i3 about 28%. The advantage of SCIDELP over
SCHEFF 1s that it can also be used in s:tuations where the
transverse beam orofile 1s not round. A space.charge calculation
was made once per DTL ceil A 20 401 interval :-adial
tlonqitudinal) mesh of 0.05-cm step size was used in the 2-D
SCIDELP. agein, used a S-term Fourier
representation of the charge density. [ncreasing the number of
Fourier terms (| = 20) had no apparent effect.

calculations.

Table 1 -
Emittance growth results for an expanding sphertcal bunch
from simulations

Averaget €
Beam Drift KIS
Current Distance SCHEFF Pornt-by- SC3IDELP
. Point
mA) em) 2Dy 3-D)
13- D
60 100 1.13 1.14 1.13
250 50 1 44 - 1.47
250 1nc 1.59 - 1.66

A rougn comparison of computer CPU time was also made. As
expected, the required CPLU time increased linearly with the
number of macroparticles for a fixed number of Fourier terms used.
Our J.-D method was 2.5 times slower than the 2.D calculation for
an equal nunber of space-charge caiculations. The 3.D point.by-
point calcuiation was approximately 15 times slower than our
inethod.
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